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Abstract. Given any model category, or more generally any category with 
weak equivalences, its simplicial localization is a simplicial category which can 
rightfully be called the "homotopy theory" of the model category. There is 
a model category structure on the category of simplicial categories, so taking 
its simplicial localization yields a "homotopy theory of homotopy theories." In 
this paper we show that there are two different categories of diagrams of sim- 
plicial sets, each equipped with an appropriate definition of weak equivalence, 
such that the resulting homotopy theories are each equivalent to the homo- 
topy theory arising from the model category structure on simplicial categories. 
Thus, any of these three categories with the respective weak equivalences could 
be considered a model for the homotopy theory of homotopy theories. One of 
them in particular, Rezk's complete Segal space model category structure on 
the category of simplicial spaces, is much more convenient from the perspec- 
tive of making calculations and therefore obtaining information about a given 
homotopy theory. 



1. Introduction 

Classical homotopy theory considers topological spaces, up to weak homotopy 
equivalence. Eventually, the structure of the category of topological spaces making 
it possible to talk about its "homotopy theory" was axiomatized; it is known as a 
model category structure. In particular, given a model category structure on an 
arbitrary category, we can talk about its homotopy category. More generally, we 
can think about the "homotopy theory" given by that category with its particular 
class of weak equivalences, where the homotopy theory encompasses the homotopy 
category as well as higher-order information. One might ask what specifically is 
meant by a homotopy theory. 

One answer to this question uses simplicial categories, which in this paper we 
will always take to mean categories enriched over simplicial sets. Given a model 
category M, taking its simplicial localization with respect to its subcategory of weak 
equivalences yields a simplicial category £M [9l 4.1]. The simplicial localization 
encodes the known homotopy-theoretic information of the model category, so one 
point of view is that this simplicial category is the homotopy theory associated to 
the model category structure. Set-theoretic issues aside, we can also construct the 
simplicial localization for any category with a subcategory of weak equivalences, so 
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therefore we can speak of an associated homotopy theory even in this more general 
situation. 

Given two homotopy theories, one can ask whether they are equivalent to one 
another in some natural sense. There is a notion of weak equivalence between 
two simplicial categories which is a simplicial analogue of an equivalence between 
categories. These weak equivalences are known as DK-equivalences, where the 
"DK" refers to the fact that they were first defined by Dwyer and Kan in [8]. In 
fact, there is a model category structure §6 on the category of all (small) simplicial 
categories in which the weak equivalences are these DK-equivalences [31 1.1]. The 
associated homotopy theory of simplicial categories is what we will refer to as the 
homotopy theory of homotopy theories. 

In p~7], Rezk takes steps toward finding a model other than that of simplicial 
categories for the homotopy theory of homotopy theories. He defines complete Segal 
spaces, which are simplicial spaces satisfying some nice properties (Definitions 13.41 
and !3.6l below) and constructs a functor which assigns a complete Segal space to any 
simplicial category. He considers a model category structure CSS on the category of 
all simplicial spaces in which the weak equivalences are levelwise weak equivalences 
of simplicial sets and then localizes it in such a way that the local objects are the 
complete Segal spaces (Theorem 13.81) . 

However, Rezk does not construct a functor from the category of complete Segal 
spaces to the category of simplicial categories, nor does he discuss the model cat- 
egory SC. In this paper, we complete his work by showing that SC and CSS have 
equivalent homotopy theories. This result is helpful in that the weak equivalences 
between complete Segal spaces are easy to identify (see Proposition 13. Ill below), 
unlike the weak equivalences between simplicial categories, and therefore making 
any kind of calculations would be much easier in CSS. Using terminology of Dugger 
[7], this model category CSS is a presentation for the homotopy theory of homotopy 
theories, since it is a localization of a category of diagrams of spaces. 

In order to prove this result, we make use of an intermediate category. Consider 
the full subcategory SeCai of the category of simplicial spaces whose objects are 
simplicial spaces with a discrete simplicial set in degree zero. We will prove the 
existence of two model category structures on SeCai, each with the same class of 
weak equivalences. The first of these structures, which we denote SeCai c , has as 
cofibrations the maps which arc levelwise cofibrations of simplicial sets. (An alter- 
nate proof of the existence of this model category structure is given by Hirschowitz 
and Simpson [T31 2.3]. They actually prove the existence of such a model category 
structure for Segal n-categories, whereas we consider only the case where n = 1.) 
The second model category structure, which we denote SeCai/, has as fibrations 
maps which can be thought of as localizations of levelwise fibrations of simplicial 
sets, although strictly speaking they cannot be obtained in this way. We use these 
model category structures to produce a chain of Quillen equivalences 

SC SeCai/ <=* SeCai c ?=* CSS. 

(In each case, the topmost arrow is the left adjoint of the adjoint pair.) Notice 
that we can obtain a single Quillen equivalence SeQatf <=2 CSS via composition. 
Since Quillen equivalent model categories have DK-equivalent simplicial localiza- 
tions (Proposition I2.8|) , all three of these categories with their respective weak 
equivalences give models for the homotopy theory of homotopy theories. 
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1.1. Organization of the Paper. We begin in section 2 by recalling standard 
information about model category structures and simplicial objects. In section 3, 
we state the definitions of simplicial categories, complete Segal spaces, and Segal 
categories, and we give some basic results about each. In section 4, we set up 
some constructions on Segal precategories that we will need in order to prove our 
model category structures. In section 5, we prove the existence of a model category 
structure §eCat c on the category of Segal precategories which we then in section 6 
show is Quillen equivalent to Rezk's complete Segal space model category structure 
CSS. In section 7, we prove the existence of the model category structure SeCatf 
on the category of Segal precategories and prove that it is Quillen equivalent to 
SeGat c . We then show in section 8 that SeCat/ is Quillen equivalent to the model 
category structure SC on simplicial categories. Section 9 contains the proofs of 
some technical lemmas. 

Acknowledgments. This paper is a version of my Ph.D. thesis at the University 
of Notre Dame [6] . I would like to thank my advisor Bill Dwycr for his help and 
encouragement on this paper. I would also like to thank Charles Rezk, Bertrand 
Toen, and the referee for helpful comments. 

2. Background on Model Categories and Simplicial Objects 

2.1. Model Categories. Recall that a model category structure on a category C 
is a choice of three distinguished classes of morphisms: fibrations (-»), cofibrations 
(°->), and weak equivalences (— >). A (co)fibration which is also a weak equivalence 
is an acyclic (co)fibration. With this choice of three classes of morphisms, C is 
required to satisfy five axioms MC1-MC5 which can be found in [TO] 3.3]. 

In all the model categories we use, the factorizations given by axiom MC5 can 
be chosen to be functorial [14] 1.1.1]. An object A in a model category is fibrant if 
the unique map A — > * to the terminal object is a fibration. Dually, A is cofibrant 
if the unique map from the initial object <f> — » A is a cofibration. Given any object 
A, the functorial factorization of the map A — > * as the composite of an acyclic 
cofibration followed by a fibration 

1^1/ 

gives us the object X?, the fibrant replacement of A. Dually, we can define its 
cofibrant replacement X c using the functorial factorization 

4><- — ^x c —^x. 

All the model category structures that we work with are cofibrantly generated. 
In a cofibrantly generated model category, there are two sets of specified morphisms, 
the generating cofibrations and the generating acyclic cofibrations, such that a map 
is an acyclic fibration if and only if it has the right lifting property with respect to 
the generating cofibrations, and a map is a fibration if and only if it has the right 
lifting property with respect to the generating acyclic cofibrations P21 11.1.2]. To 
prove that a particular category with a choice of weak equivalences has a cofibrantly 
generated model category structure, we need the following definition. 

Definition 2.2. jTSJ 10.5.2] Let C be a category and I a set of maps in C. Then 
an I-injective is a map which was the right lifting property with respect to every 
map in I. An I- cofibration is a map with the left lifting property with respect to 
every J-injective. 
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We are now able to state the theorem that we use in this paper to prove the 
existence of specific model category structures. 

Theorem 2.3. [121 11.3.1] Let M be a category with a specified class of weak 
equivalences which satisfies model category axioms MCI and MC2. Suppose further 
that the class of weak equivalences is closed under retracts. Let L and J be sets of 
maps in M which satisfy the following conditions: 

(1) Both L and J permit the small object argument |121 10.5.15]. 

(2) Every J-cofibration is an I-cofibration and a weak equivalence. 

(3) Every I-injective is a J-injective and a weak equivalence. 

(4) One of the following conditions holds: 

(i) A map that is an L-cofibration and a weak equivalence is a J-cofibration, 
or 

(ii) A map that is both a J-injective and a weak equivalence is an I- 
injective. 

Then there is a cofibrantly generated model category structure on M in which I is 
a set of generating cofibrations and J is a set of generating acyclic cofibrations. 

We now define our notion of "equivalence" between two model categories. Recall 
that for categories C and T) a pair of functors 

F : P - *~ T) : R 

is an adjoint pair if for each object X of C and object Y of D there is an isomorphism 
ip : Horn© (FX, Y) -> Hom e (X, RY) which is natural in X and Y [HI IV. 1]. 

Definition 2.4. [T4"l 1.3.1] If C and D are model categories, then the adjoint pair 

F : P - *" T) : R 

is a Quillen pair if one of the following equivalent statements is true: 

(1) F preserves cofibrations and acyclic cofibrations. 

(2) R preserves fibrations and acyclic fibrations. 

Definition 2.5. O 1.3.12] A Quillen pair is a Quillen equivalence if for all cofi- 
brant X in 6 and fibrant Y in D, a map /: FX — > Y is a weak equivalence in T> if 
and only if the map iff : X — > RY is a weak equivalence in C. 

We will use the following proposition to prove that a Quillen pair is a Quillen 
equivalence. Recall that a functor F: C — > D reflects a property if, for any mor- 
phism / of 6, whenever F f has the property, then so does /. 

Proposition 2.6. [Ml 1.3.16] Suppose that 

F : P - ± D : R 

is a Quillen pair. Then the following statements are equivalent: 

(1) This Quillen pair is a Quillen equivalence. 

(2) F reflects weak equivalences between cofibrant objects and, for every fibrant 
Y in D, the map F((RY) C ) — > Y is a weak equivalence. 

(3) R reflects weak equivalences between fibrant objects and, for every cofibrant 
X in G, the map X -> R((FX)f) is a weak equivalence. 
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The existence of a Quillen equivalence between two model categories is actu- 
ally a stronger condition than we need, but it is a convenient way to show that 
two homotopy theories are the same. Here, we take the viewpoint that simplicial 
categories are models for homotopy theories. A simplicial category is a category 
C enriched over simplicial sets, or a category such that, for objects x and y of 6, 
there is a simplicial set of morphisms Home(a;,y) between them. We will use the 
following notion of equivalence of simplicial categories. 

Definition 2.7. [5J 2.4] A functor /: C — * D between two simplicial categories is 
a DK- equivalence if it satisfies the following two conditions: 

(1) for any objects x and y of C, the induced map Home (x, y) — > Homu (fx, fy) 
is a weak equivalence of simplicial sets, and 

(2) the induced map of categories of components nof : ttqG — > tto^ 1 is an equiv- 
alence of categories. 

Recall that the category of components -kqQ of a simplicial category C is the 
category with the same objects as C and such that 

Hom Toe (x, y) = 7r Hom e (x, y). 

Now, the following result tells us that model categories which are Quillen equiv- 
alent actually have equivalent homotopy theories. 

Proposition 2.8. [8j 5.4] Suppose that C and D are Quillen equivalent model 
categories. Then the simplicial localizations LS and LD are DK- equivalent. 

2.9. Simplicial Objects. Recall that a simplicial set is a functor A op — > Sets, 
where the cosimplicial category A has as objects the finite ordered sets [n] = 
{0, . . . , n} and as morphisms the order-preserving maps, and A. op is its opposite 
category. In particular, for n > 0, we have A[n], the n-simplex, A[n], the boundary 
of A[n], and, for n > and < k < n, V[n, k], which is A[n] with the fcth face 
removed [TTJ 1.1] . For any simplicial set X, we denote by X n the image of [n] . There 
are face maps di : X n — > A n _i for < i < n and degeneracy maps Sj : X n X n+ i 
for < i < n, satisfying certain compatibility conditions [TTJ 1.1]. We denote by 
\X\ the topological space given by geometric realization of the simplicial set X [TT1 

There is a model category structure on simplicial sets in which the weak equiva- 
lences are the maps which become weak homotopy equivalences of topological spaces 
after geometric realization [Til 1-11.3]. We denote this model category structure by 
SSets. Note in particular that it is cofibrantly generated. The generating cofi- 
brations are the maps A [to] — > A [to] for all to > 0, and the generating acyclic 
cofibrations are the maps V[m, k] — * A[to] for all to > 1 and < k < to 14,, 3.2.1]. 
This model category structure is Quillen equivalent to the standard model category 
structure on topological spaces [T4l 3.6.7]. In light of this fact, we will sometimes 
refer to simplicial sets as "spaces." 

More generally, a simplicial object in a category 6 is a functor A op — » C [141, 3.1]. 
In particular, a simplicial space (or bisimplicial set) is a functor A op — > §§ets [TTJ 
IV. 1]. Given a simplicial set X, we also use X to denote the constant simplicial 
space with the simplicial set X in each degree. By X 1 we denote the simplicial 
space such that (X t ) n is the constant simplicial set X n , or the simplicial set which 
has the set X n in each degree. 
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Notice, however, that our definition of "simplicial category" in this paper is 
inconsistent with this terminology. There is a more general notion of simplicial 
category by which is meant a simplicial object in the category of small categories. 
Such a simplicial category is a functor A op — » Cat where Cat is the category with 
objects the small categories and morphisms the functors between them. Our def- 
inition of simplicial category coincides with this one when the extra condition is 
imposed that the face and degeneracy maps be the identity map on objects [U 2.1]. 

We also require the following additional structure on some of our model category 
structures. A simplicial model category is a model category which is also a simplicial 
category satisfying two additional axioms [121 9.1.6]. (Again, the terminology is 
potentially confusing because a simplicial model category is not a simplicial object 
in the category of model categories.) The important part of this structure that we 
use is the fact that, given objects A and Y of a simplicial model category, it makes 
sense to talk about the function complex, or simplicial set Map(A, Y). 

Given a model category JVC, or more generally a category with weak equivalences, 
a homotopy function complex Map' 1 (A, Y) is a simplicial set which is the morphism 
space between A and Y in the simplicial localization LM [H §4] . If M is a simplicial 
model category, A is cofibrant in M, and Y is fibrant in M, then Map h (A, Y) is 
weakly equivalent to Map(A, Y). 

2.10. Localized Model Category Structures. Several of the model category 
structures that we use are obtained by localizing a given model category structure 
with respect to a map or a set of maps. Suppose that S = {/: A — > B} is a set of 
maps with respect to which we would like to localize a model category (or category 
with weak equivalences) M. We define an S-local object W to be an object of M 
such that for any / : A — > B in S, the induced map on homotopy function complexes 

/* : Map'^B, W) -» Map h (A, W) 

is a weak equivalence of simplicial sets. (If M is a model category, a local object 
is usually required to be fibrant.) A map g: X — ► Y in M is then defined to be 
an S-local equivalence if for every local object W, the induced map on homotopy 
function complexes 

g* : Map'^F, W) -> Map ft (A, W) 

is a weak equivalence of simplicial sets. 

The following theorem holds for model categories M which are left proper and 
cellular. We will not define these conditions here, but refer the reader to [12l 13.1.1, 
12.1.1] for more details. We do note, in particular, that a cellular model category 
is cofibrantly generated. All the model categories that we localize in this paper can 
be shown to satisfy both these conditions. 

Theorem 2.11. [121 4.1.1] Let M 6c a left proper cellular model category. There 
is a model category structure .CgM on the underlying category of JA such that: 

(1) The weak equivalences are the S-local equivalences. 

(2) The cofibrations are precisely the cofibrations o/M. 

(3) The fibrations are the maps which have the right lifting property with respect 
to the maps which are both cofibrations and S-local equivalences. 

(4) The fibrant objects are the S-local objects which are fibrant in M. 

(5) If M is a simplicial model category, then its simplicial structure induces a 
simplicial structure on iLgM. 
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In particular, given an object X of M, we can talk about its functorial fibrant 
replacement LX in £gM. The object LX is an S'-local object which is fibrant in 
M, and we will refer to it as the localization of X in II5M. 

2.13. Model Category Structures for Diagrams of Spaces. Suppose that 
D is a small category and consider the category of functors D — > SSets, denoted 
SSets 23 . This category is also called the category of D-diagrams of spaces. We 
would like to consider model category structures on §§ets v . 

A natural choice for the weak equivalences in §§ets v is the class of levelwise 
weak equivalences of simplicial sets. Namely, given two D-diagrams X and Y, we 
define a map / : X — > Y to be a weak equivalence if and only if for each object d 
of D, the map X(d) — > Y(d) is a weak equivalence of simplicial sets. 

There is a model category structure SSets® on the category of D-diagrams with 
these weak equivalences and in which the fibrations are given by levelwise fibrations 
of simplicial sets. The cofibrations in SSeis^ are then the maps of simplicial spaces 
which have the left lifting property with respect to the maps which are levelwise 
acyclic fibrations. This model structure is often called the projective model category 
structure on D-diagrams of spaces [TTJ IX, 1.4]. Dually, there is a model category 
structure SSeisj? in which the cofibrations are given by levelwise cofibrations of 
simplicial sets, and this model structure is often called the injective model category 
structure [TTJ VIII, 2.4]. The small category D which we use in this paper is A op , 
so that the diagram category §§eis A P is just the category of simplicial spaces. 

Consider the Reedy model category structure on simplicial spaces [IB]. In this 
structure, the weak equivalences are again the levelwise weak equivalences of sim- 
plicial sets. The Reedy model category structure is cofibrantly generated, where 
the generating cofibrations are the maps 

A[m] x A[n]* U A [to] x A[n]* -> A[m] x A[nf 

for all n,m > 0. The generating acyclic cofibrations are the maps 

V[m, k] x A[n]* U A[ to] x A[n] — > A[m] x A[n] 

for all n > 0, m > 1, and < k < m [17, 2.4]. 

It turns out that the Reedy model category structure on simplicial spaces is 
exactly the same as the injective model category structure on this same category, 
as given by the following result. 

Proposition 2.14. [12l 15.8.7, 15.8.8] A map f: X — > Y of simplicial spaces is a 
cofibration in the Reedy model category structure if and only if it is a monomor- 
phism. In particular, every simplicial space is Reedy cofibrant. 

In light of this result, we denote the Reedy model structure on simplicial spaces 
by SSeis^ . Both SSets^ and SSets^ are simplicial model categories. In each 
case, given two simplicial spaces X and Y, we can define Map(X, Y) by 

Mappf, Y) n = Hom(X x A[n], Y) 

where the set on the right-hand side consists of maps of simplicial spaces. 

To establish some notation we need later in the paper, we recall the definition 
of fibration in the Reedy model category structure. If X is a simplicial space, let 
sk„X denote its n-skeleton, generated by the spaces in degrees less than or equal 
to n, and let cosk„X denote the n-coskeleton of X [TBI §!]• A map X — » Y is a 
fibration in SSeis^ P if 
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• Xq — > Yq is a fibration of simplicial sets, and 

• for all n > 1, the map X n — > P n is a fibration, where P n is defined to be 
the pullback in the following diagram: 

p s_ Y 

1 n J n 



(cosk„_!X)„ (cosk„_iY)„ 

Notice in particular that this pullback diagram is actually a homotopy pullback 
diagram, as follows. If /: X — » Y is a Reedy fibration, then it has the right lifting 
property with respect to all Reedy acyclic cofibrations. In particular, there is a 
dotted arrow lift in the following diagram, where m > 1, < k < m, and n > 0: 

V[m,k] x A[n]* ^X 

y 

y 

. / 

A[m] x A[n]* »-y. 

Since the functors sk„ and cosk n are adjoint [161 §1], we have that 
(cosk„_iX)„ ~ Map(A[n],cosk„X) ~ Map(sk n A[n], X) ~ Map(A[n], X). 
Therefore, we have a dotted arrow lift in each diagram 

V[m, k] (cosk„_iX)„ 



A[m] 9- (cosk„_iy)„. 

In particular, the right-hand vertical arrow is a fibration of simplicial sets. Thus, 
the simplicial set P n is a homotopy pullback and therefore homotopy invariant. 

We also make use of the projective model category structure SSets^ on sim- 
plicial spaces. This model category is also cofibrantly generated; the generating 
cofibrations are the maps 

A [to] x A[n]* -> A[m] x A[n]* 

for all m, n > QU IV.3.1]. 

In the next section, we localize the Reedy (or injective) and projective model 
category structures on simplicial spaces with respect to a map to obtain model 
category structures in which the fibrant objects are Segal spaces (Definition 13. 4| . 
We will further localize them to obtain model category structures in which the 
fibrant objects are complete Segal spaces (Definition 13. 6p . 



3. Some Definitions and Model Category Structures 

In this section, we define and discuss in turn the three main structures that we 
will use in the course of this paper: simplicial categories, complete Segal spaces, 
and Segal categories. 
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3.1. Simplicial Categories. Simplicial categories, most simply stated, are cate- 
gories enriched over simplicial sets, or categories with a simplicial set of morphisms 
between any two objects. So, given any objects x and y in a simplicial category C, 
there is a simplicial set Home(cc,y). 

Fix an object set and consider the category of simplicial categories with object 
set such that all morphisms are the identity on the objects. Dwyer and Kan define 
a model category structure SCq in which the weak equivalences are the functors 
/: C — > D of simplicial categories such that given any objects x and y of C, the 
induced map 

Hom e (a;, y) -> Horns (as, y) 

is a weak equivalence of simplicial sets [HI §7]. The fibrations are the functors 
/: 6 — > D for which these same induced maps are fibrations, and the cofibrations 
are the functors which have the left lifting property with respect to the acyclic 
fibrations. 

It is more useful, however, to consider the category of all small simplicial cat- 
egories with no restriction on the objects. Before describing the model category 
structure on this category, we need a few definitions. Recall from Definition 12.71 
above that if C is a simplicial category, then we denote by 7ToC the category of 
components of 6. 

If S is a simplicial category and x and y are objects of C, a morphism e G 
Homg(a;,y)o is a homotopy equivalence if the image of e in ttqG is an isomorphism. 

Theorem 3.2. 3, 1.1] There is a model category structure on the category SC of 
small simplicial categories defined by the following three classes of morphisms: 

(1) The weak equivalences are the maps f : C — > D satisfying the following two 
conditions: 

• (Wl) For any objects x and y in C, the map 

Hom e (x,y) -> Hom?,(fx,fy) 

is a weak equivalence of simplicial sets. 

• (W2) The induced functor t:q f ': ttqC — > ttqT) on the categories of com- 
ponents is an equivalence of categories. 

(2) The fibrations are the maps f: 6 — > D satisfying the following two condi- 
tions: 

• (Fl) For any objects x and y in C, the map 

Hom e (x,y) -> Hom v (fx,fy) 

is a fibration of simplicial sets. 

• (F2) For any object x\ in C ; y in D , and homotopy equivalence e : fx\ — 
y in D, there is an object X2 in C and homotopy equivalence d: X\ — > X2 
in C such that fd=e. 

(3) The cofibrations are the maps which have the left lifting property with respect 
to the maps which are fibrations and weak equivalences. 

Notice that the weak equivalences are precisely the DK-equivalences that we 
defined above (Definition [277]) . 

The proof of this theorem actually shows that this model category structure 
is cofibrantly generated. Define the functor U : SSets — > §6 such that for any 
simplicial set K, the simplicial category UK has two objects, x and y, and only 
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nonidcntity morphisms the simplicial set K = Hom(a:,i/). Using this functor, we 
define the generating cofibrations to be the maps of simplicial categories 

• (CI) UA[n] -> UA[n] for n > 0, and 

• (C2) (j> — > {a;}, where is the simplicial category with no objects and 
{x} denotes the simplicial category with one object x and no nonidentity 
morphisms. 

The generating acyclic cofibrations are defined similarly §1]. 

3.3. Segal Spaces and Complete Segal Spaces. Complete Segal spaces, defined 
by Rezk in [17j , are more difficult to describe, but ultimately they are actually easier 
to work with than simplicial categories. The name "Segal" refers to the similarity 
between Segal spaces and Segal's T-spaces [18]. 

We begin by defining Segal spaces. In [17l 4.1], Rezk defines for each < i < k—1 
a map a 1 : [1] — > [k] in A such that i— > i and 1 1— > i + 1. Then for each k he defines 
the simplicial space 

k-l 

G{kf = |J a* Aft]* C A[k]*. 

i=0 

He shows that, for any simplicial space X, there is a weak equivalence of simpli- 
cial sets 

M ap h SSets ^ P (G(k)\X) -^X 1 x h Xo ..-x h Xo X 1 , 

V v ' 

k 

where the right hand side is the homotopy limit of the diagram 

do di dp do di 
A.\ Ao ■< Ai >- ■ ■ • 9- Aq ■< Ai 

with k copies of Xi . 

Now, given any k, define the map (p k : G(fc)* — -> A[fc]' to be the inclusion map. 
Then for any simplicial space W there is a map 

<p k = Map^ etsAO p {v\W) : Map^ etsAO p (A[k]\W) - Mzp h SSets ^ P (G(kf, W). 

More simply written, this map is 

<p k :W k ^W 1 x* Vo ---x'l Vo W 1 

v. ^ 

fe 

and is often called a Segal map. 

Definition 3.4. [T71 4.1] A Reedy fibrant simplicial space W is a SegaZ space if for 
each k > 2 the map is a weak equivalence of simplicial sets. In other words, the 
Segal maps 

Vk : W k -> Wi x(V ••• x(V Wi 
k 

are weak equivalences for all k > 2. 

Notice that if is a Segal space, or more generally if W is Reedy fibrant, we 
can use ordinary function complexes and a limit in the definition of the Segal maps 

mi §4]. 

Rezk defines the coproduct of all these inclusion maps 
V=]K<p k :G(k) t ^A[k} t ). 

k>0 
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Using this map <p, we have the following result. 

Theorem 3.5. [171 7.1] There is a model category structure on simplicial spaces 
which can be obtained by localizing the Reedy model category structure with respect 
to the map (p. This model category structure has the following properties : 

(1) The weak equivalences are the maps f for which Mapg Sets ^o P (/, W) is a 
weak equivalence of simplicial sets for any Segal space W . 

(2) The cofibrations are the monomorphisms. 

(3) The fibrant objects are the Reedy fibrant ip-local objects, which are precisely 
the Segal spaces. 

We will refer to this model category structure on simplicial spaces as the Segal 
space model category structure and denote it SeSp c . 

The properties of Segal spaces enable us to speak of them much in the same way 
that we speak of categories. Heuristically, a simple example of a Segal space is the 
nerve of a category 6, regarded as a simplicial space nerve(C)*. (We need to take a 
Reedy fibrant replacement of this nerve to be an actual Segal space.) In particular, 
we can define "objects" and "maps" of a Segal space. We summarize the particular 
details here that we need; a full description is given by Rezk p"7| §5]. 

Given a Segal space W, define its set of objects, denoted ob(W), to be the set 
of O-simplices of the space Wo, namely, the set Wq,o- Given any two objects x,y 
in ob(W), define the mapping space map H /(a;, y) to be the homotopy fiber of the 
map (d%, do) : W% — > Wo x Wo over (x, y). (Note that since W is Reedy fibrant, this 
map is a fibration, and therefore in this case we can just take the fiber.) Given a 0- 
simplex x of Wo, we denote by \d x the image of the degeneracy map so '■ Wo — > W\. 
We say that two O-simplices of map^(x, y), say / and g, are homotopic, denoted 
/ ~ g, if they lie in the same component of the simplicial set inap w (x, y). 

Given / 6 m&p w (x,y)o and g G map w (y, z)o, there is a composite g o f G 
map M /(a;, z)o, and this notion of composition is associative up to homotopy. We 
define the homotopy category Ho(W) of W to have as objects the set ob(W) 
and as morphisms between any two objects x and y, the set map^^ (x, y) = 
ir ma,p w (x,y). 

A map g in ma,p w (x,y)o is a homotopy equivalence if there exist maps f,h G 
map M /(y, x)o such that go f ~ id y and hog ~ id x . Any map in the same component 
as a homotopy equivalence is itself a homotopy equivalence [171 5.8]. Therefore we 
can define the space Whoequiv to be the subspace of W\ given by the components 
whose zero-simplices are homotopy equivalences. 

We then note that the degeneracy map so '■ Wo — > W% factors through Whoequiv 
since for any object x the map sq(x) = id x is a homotopy equivalence. Therefore, 
we have the following definition: 

Definition 3.6. jTTl §6] A complete Segal space is a Segal space W for which the 
map so : Wo — > Whoequiv is a weak equivalence of simplicial sets. 

We now consider an alternate way of defining a complete Segal space which is 
less intuitive but will enable us to localize the Segal space model category structure 
further in such a way that the complete Segal spaces are the new fibrant objects. 
Consider the category which consists of two objects x and y and exactly two 
non-identity maps which are inverse to one another, x — > y and y — > x. Denote by 
E the nerve of this category, and by E t the corresponding simplicial space. There 
are two maps A[0]* — > E* given by the inclusions of A[0]* to the objects x and y, 
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respectively. Let ip: A[0]* — * E f be the map which takes A[0] 4 to the object x. (It 
does not actually matter which one of the two maps we have chosen, as long as 
it is fixed.) This map then induces, for any Segal space W, a map on homotopy 
function complexes 

r : Map| SetsA » P {E\ W) Map£ SetsAOP (A [0]', W) = W . 

Proposition 3.7. [17\ 6.4] For any Segal space W , the map ip* of homotopy func- 
tion complexes is a weak equivalence of simplicial sets if and only if W is a complete 
Segal space. 

Given this proposition, we can further localize the category of simplicial spaces 
with respect to this map. 

Theorem 3.8. [17\ 7.2] Taking the localization of the Reedy model category struc- 
ture on simplicial spaces with respect to the maps ip and ip above results in a model 
category structure which satisfies the following properties: 

(1) The weak equivalences are the maps f such that Afapg gets A°p (/, W) is a 
weak equivalence of simplicial sets for any complete Segal space W . 

(2) The cofibrations are the monomorphisms. 

(3) The fibrant objects are the complete Segal spaces. 

We refer to this model category structure on simplicial spaces as the complete 
Segal space model category structure, denoted CSS. It turns out that when the 
objects involved are Segal spaces, the weak equivalences in this model category 
structure can be described more explicitly. 

Definition 3.9. A map /: U — > V of Segal spaces is a DK-equivalence if 

(1) for any pair of objects x, y 6 Uq, the induced map map^x, y) — > map^ {fx, fy) 
is a weak equivalence of simplicial sets, and 

(2) the induced map Ho(/): Ho(J7) — > Ho(V) is an equivalence of categories. 

We then have the following result by Rezk: 

Theorem 3.10. [T71 7.7] Let f : U — + V be a map of Segal spaces. Then f is a 
DK-equivalence if and only if it becomes a weak equivalence in CSS. 

Note that these weak equivalences have been given the same name as the ones 
in SC. While this may at first seem strange, the two definitions are very similar, 
in fact rely on the same generalization of the idea of equivalence of categories to a 
simplicial setting. 

However, what is especially nice about the complete Segal space model category 
structure is the simple characterization of the weak equivalences between the fibrant 
objects. 

Proposition 3.11. [17\ 7.6] A map f : U — > V between complete Segal spaces is a 
DK-equivalence if and only if it is a levelwise weak equivalence. 

This proposition is actually a special case of a more general result. In any 
localized model category structure, a map is a local equivalence between fibrant 
objects if and only if it is a weak equivalence in the original model category structure 
[HI 3.2.18]. 

It is also possible to localize the projective model category structure SSe£s^° P 
on the category of simplicial spaces to obtain analogous model category structures. 
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We will denote the localization of the projective model category structure by with 
respect to the map ip by SeSp/. There is also a localization of the projective 
model category structure with respect to the maps if and tjj analogous to the model 
category structure CSS, but we do not need this structure here. 

3.12. Segal Categories. Lastly, we consider the Segal categories. We begin by 
defining the preliminary notion of a Segal precategory. 

Definition 3.13. [131 §2] A Segal precategory is a simplicial space X such that the 
simplicial set X$ in degree zero is discrete, i.e., a constant simplicial set. 

In the case of Segal precategories, it again makes sense to talk about the Segal 
maps 

ip k : X u -s- Xi y\ ■ ■ ■ x h Xo Xi 

k 

for each k > 2. Since Xq is discrete, we can actually take the limit 

X\ Xx ■ ■ ■ Xjf Xi 

" v ' 

fc 

on the right-hand side. 

Definition 3.14. [TBI, §2] A Segal category X is a Segal precategory such that each 
Segal map ipk is a weak equivalence of simplicial sets for k > 2. 

Note that the definition of a Segal category is similar to that of a Segal space, 
with the additional requirement that the degree zero space be discrete. However, 
Segal categories are not required to be Reedy fibrant, so they are not necessarily 
Segal spaces. 

Given a fixed set 0, we can consider the category SSets^ P whose objects are 
the Segal precategories with in degree zero and whose morphisms are the identity 
on this set. There is a model category structure SSets^J on this category in which 
the weak equivalences are levelwise [5] 3.7]. In other words, /: X — > Y is a weak 
equivalence if for each n > 0, the map f n : X n — > Y n is a weak equivalence of 
simplicial sets. Furthermore, the fibrations are also levelwise. This model structure 
can then be localized with respect to a map similar to the map which we used to 
obtain the Segal space model category structure. 

We first need to determine what this map should be. We begin by considering 
the maps of simplicial spaces ip k : G(fc) t — » A[fc]' and adapting them to the case at 
hand. 

The first problem is that A[fc]* is not going to be in SSets^ J for all values of 
k. Instead, we need to define a separate fc-simplex for any fc-tuple ieo, ■■■,Xk of 
objects in 0, denoted A[fc]* x , so that the objects are preserved. Note that this 
object A[fc]J. _ Xk also needs to have all elements of as O-simplices, so we add 
any of these elements that have not already been included in the x^s, plus their 
degeneracies in higher degrees. 

Then we can define 



k—l 
= |J a*A[l 

i=0 
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Now, we need to take coproducts not only over all values of k, but also over all 
fc-tuples of vertices. Hence, the resulting map ipo looks like 

k>0 (x ,...,x k )GO k + 1 

Setting x — (xo, . . . , Xk), we can write the component maps as G{k) l x — > A[fc]^. We 
can then localize SSets^ * with respect to the map (po to obtain a model category 
which we denote LSSetsQ J . 

There are also analogous model category structures §Sets^ c P and XLSSeisJ^ C P 
on the category of Segal precategories with a fixed set in degree zero with the 
same weak equivalences but where the cofibrations, rather than the fibrations, are 
defined levelwise, and then we can localize with respect to the same map [51 3.9], 
[H A.l.l]. 

However, we would like a model category structure on the category of all Se- 
gal precategories, not just on these more restrictive subcategories. In the course 
of this paper, we prove the existence of two model category structures on Segal 
precategories. Unlike in the fixed object set case, we cannot actually obtain the 
model category structure via localization of a model category structure with lev- 
elwise weak equivalences since it is not possible to put a model structure on the 
category of Segal precategories in which the weak equivalences are levelwise and in 
which the cofibrations are monomorphisms. 

To see that there is no such model structure, suppose that one did exist and 
consider the map /: A[0]' H A[0]' — > A[0]*. By model category axiom MC5, / 
could be factored as the composite of a cofibration A[0fnA[0]'->X followed by 
an acyclic fibration X — > A[0]'. However, since the weak equivalences would be 
levelwise weak equivalences, Xq would have to consist of one point. However, the 
only map (A[0]' H A[0]*)o — > Xq is not a monomorphism. Thus, there is no such 
factorization of the map /, and therefore there can be no model category structure 
satisfying the two given properties. 

3.15. Relationship Between Simplicial Categories and Segal Categories 
in Fixed Object Set Cases. Recall from above that there is a model category 
structure SCq on the category whose objects are the simplicial categories with a 
fixed set of objects and whose morphisms are the functors which are the identity 
on the objects and that there is a model category structure USSets^ J on the 
category whose objects are the Segal precategories with the set in degree zero 
and whose morphisms are the identity on degree zero. 

Theorem 3.16. (5j 5.5] There is an adjoint pair 

F : £SSeis£J^=:Seo : Ro 
which is a Quillen equivalence. 

The proof of this theorem uses a generalization of a result by Badzioch [U 6.5] 
which relates strict and homotopy algebras over an algebraic theory. This general- 
ization uses the notion of multi-sorted algebraic theory [4] . 

A key step in this proof is a explicit description of the localization of the objects 
A[n]*. Up to homotopy, this localization is the same as the localization of the 
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objects G(nY x and is obtained by taking the colimit of stages of a filtration 

G(n)i = *iG(^ C * a G(n£ C • • • 

Let a denote the nondegenerate 1-simplex Xi-i — > 2^ in G(n)* and let denote 
a word in the e^'s which can be obtained via "composition" of these 1-simplices. 
The fc-th stage of the filtration is given by 

(* fc (G(n)£)) m = {{w! \---\w m )\ £( Wl ■■■w m )<k} 

where i{w\ ■ ■ -w n ) denotes the length of the word W\ ■ ■ -w n . The colimit of this 
filtration is weakly equivalent to L c G(n)* in USSetsQ J . 

We show in the proof of [H 4.2] that for each i > 1 the map 

is a DK-equivalence, and that the unique map from G(n)* to the colimit of this 
directed system is also a DK-equivalence. 

In the current paper, we use some of the ideas of the proof from the fixed object 
set case, but we no longer use multi-sorted theories as we pass from SCq to SC and 
SSets^ to SeGat. 

4. Methods of Obtaining Segal Precategories from Simplicial Spaces 

In the course of proving the existence of these two model category structures 
SeQat c and SeQatf, we need sets of generating cofibrations and generating acyclic 
cofibrations which are similar to those of the Reedy and projective model category 
structures on simplicial spaces. However, we need to modify these maps so that 
they are actually maps between Segal precategories. The purpose of this section 
is to define two methods of modifying the generating cofibrations and generating 
acyclic cofibrations so that they are actually maps between Segal precategories, 
and to prove a result which we need to prove the existence of the model structures 
SeGat c and SeGatf. 

The first method we call reduction, and we use it to define the generating cofi- 
brations in SeGat c . Consider the forgetful functor from the category of Segal pre- 
categories to the category of simplicial spaces. This map has a left adjoint, which 
we call the reduction map. Given a simplicial space X, we denote its reduction by 
(X) r . The degree n space of (X) r is obtained from X n by collapsing the subspace 
SqX of X n to the discrete space tto(sqX ), where Sg is the iterated degeneracy 
map. 

Recall that the cofibrations in the Reedy model category structure on simpli- 
cial spaces are monomorphisms (Proposition 12. 14"j) and that the Reedy generating 
cofibrations are of the form 

A[m] x A[n]* U A[m] x A[n]* -> A[m] x A[n]' 

for all n, m > 0. In general, these maps are not in Se&at because the objects 
involved are not Segal precategories. Therefore, we apply this reduction functor to 
these maps. 

Thus, we consider the maps 

(A[m] x A[n]* U A[m] x A[n]*) r -> (A[m] x A[n] f ) r . 

However, we still need to make some modifications to assure that all these maps are 
actually monomorphisms. In particular, we need to check the case where n = 0. 
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If n = m = 0, and if <j> denotes the empty simplicial space, we obtain the map 
4> — > A[0]*, which is a monomorphism. However, when n = and to = 1, we get 
the map A[0]* II A[0]' — * A[0]*, which is not a monomorphism. When n = and 
to > 2, we obtain the map A[0]* — > A[0]*. This map is an isomorphism, and thus 
there is no reason to include it in the generating set. Therefore, we define the set 

I c = {(A[m] x A[n]* U A[m] x A[n]') r (A[m] x A[n]*) r } 

for all to > when n > 1 and for n = m = 0. This set I c will be a set of generating 
cofibrations of §eCat c . 

This reduction process works well in almost all situations, but we have problems 
when we try to reduce some of the generating cofibrations in SSetsj^ , namely the 
maps 

A[l] x A[n]' -► A[l] x A[n]' 
for any n > 0. The object A[l] x A[n]' reduces to a Segal precategory with n + 1 
points in degree zero, but the object A[l] x A[n]* reduces to a Segal precategory 
with 2(n + 1) points in degree zero. In other words, the reduced map in this case 
is no longer a monomorphism. 

Consider the set A[n]o and denote by A[n]g the doubly constant simplicial space 
defined by it. For m > 1 and n > 0, define P m ,n to be the pushout of the diagram 

A[m] x A[nY >■ A [to] x A[n]* 

A Wo *~ p ™>«- 

If to = 0, then we define P m ,o to be the empty simplicial space. For all to > and 
n > 1, define Q m> „ to be the pushout of the diagram 

A [to] x A[n]£ »- A[m] x A[n]* 

A["]o ^ Qm,n- 

For each to and n, the map A [to] x A[n]' induces a map i m . n : P m . n — > Q m ,n- We 
then define the set = {i m .n' Pm.n Qm,n | to, n > 0}. Note that when to > 2 
this construction gives exactly the same objects as those given by reduction, namely 
that P m ,„ is precisely (A[m] xA[nf) r and likewise Q m , n is precisely (A [to] xA[nf) r . 

Given a Segal precategory X , we denote by X n (vo, . . . v n ) the fiber of the map 
X n — ► Xq +1 over (u , . . . ,t) n ) G -^o +1 ' where this map is given by iterated face 
maps of X. More specifically, X£ +1 — (cosk X)„ and the map X n — > is 
given by the map X — ► coskoX. 

If Horn denotes morphism set and X is an arbitrary simplicial space, notice that 
we can use the pushout diagrams defining the objects P m ,n and Q m ,n to see that 

Hom(P m ^ n ,X)= 1 ] Hom(A[m],X n (v Q ,...,v n )) 

WO, •••)"» 

and 

Hom(g m ,„,X)= ]J Hom(A[m],X„(w ,...,w„)). 
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We now state and prove a lemma using the maps in //. 

Lemma 4.1. Suppose a map f:X—>Y has the right lifting property with respect 
to the maps in If . Then the map Xq — » Yq is surjective and each map 

X n (v , ...,v n )-> Y n (fv , fv n ) 

is an acyclic fibration of simplicial sets for each n > 1 and (vq, . . . , v n ) G . 

Proof. The surjectivity of Xq — > Yq follows from the fact that / has the right lifting 
property with respect to the map Po,o — * <3o,o- 

In order to prove the remaining statement, it suffices to show that there is a 
dotted arrow lift in any diagram of the form 



(4.2) 



A [ml 



X n (v , ...,v n ) 



Y n (fv , . . .,/«„) 



for m, n > 0. 

By our hypothesis, there is a dotted arrow lift in diagrams of the form 



(4.3) 



p 



X 



Y 



for all m,n > 0. The existence of the lift in diagram 14.31 is equivalent to the 
surjectivity of the map Hom(Q mi „,X) — > P in the following diagram, where P 
denotes the pullback and Horn denotes morphism set: 



Hom(Q m ,„,X) 



p. 



Rom(P m . n ,X) 



Hom(Q m: „, Y) ^ Hom(P m , n , Y). 

Now, as noted above we have that 

Hom(Q m ,„, X) = |J Rom(A[m],X n (v , . . . ,v n )) 

VQ,...,V n 

and analogous weak equivalences for the other objects of the diagram. 

Using these weak equivalences and being particularly careful in the cases where 
m = 1 and m = 0, one can show that for each m, n > the dotted-arrow lift in 
diagram 14. 21 exists and therefore that each map 

X n (v , . . . , v„) -> Y n (fv , . . . , /w„) 



is an acyclic fibration of simplicial sets for each n > 1. 



□ 
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5. A Segal Category Model Category Structure on Segal 

Precategories 

In this section, we prove the existence of the model category structure SeGat c . 

We would like to define a functorial "localization" functor L c on SeCat such 
that, given any Segal precategory X, its localization L C X is a Segal space which 
is a Segal category weakly equivalent to X in SeSp c . We begin by considering a 
functorial localization functor in SeSp c and then modifying it so that it takes values 
in SeQat. In the case of SeSp c , this localization functor is precisely the functorial 
fibrant replacement functor. 

A choice of generating acyclic cofibrations for SeSp c is the set of maps 

V[m, k] x A[n]* U A [to] x G{nf -> A [to] x A[ra]' 

for n > 0, to > 1, and < k < m [12l §4.2]. Therefore, one can use the small 
object argument to construct a functorial localization functor by taking a colimit 
of pushouts, each of which is along the coproduct of all these maps [12, §4.3]. 

If we apply this functor to a Segal precategory, the maps with n = are problem- 
atic because taking pushouts along them will not result in a space which is discrete 
in degree zero. We claim that we can obtain a functorial localization functor L c on 
the category SeQat by taking a colimit of iterated pushouts along the maps 

V[m, k] x A[n]* U A [to] x G(nf -> A[m] x A[n]* 

for n, to > 1 and < k < to. 

To see that this restricted set of maps is sufficient, consider a Segal precategory 
X and the Segal category L C X we obtain from taking such a colimit. Then for any 
< k < to, consider the diagram 

V[m, k] Map ft (G(0)*, L C X) 



A[to] ^ Map /t (A[0] t , L C X). 

Since A[0]* is isomorphic to G(0)*, and since L C X is discrete in degree zero, the 
right-hand vertical map is an isomorphism of discrete simplicial sets. Therefore, a 
dotted arrow lift exists in this diagram. It follows that the map L C X — > A[0]* has 
the right lifting property with respect to the maps 

V[m, k] x A[n]' U A[m] x G(n)' -> A[m] x A[n]' 

for all n > 0, to > 1, and < k < to. Therefore, L C X is fibrant in SeSp c , namely, 
a Segal space. 

Since L C X is a Segal space, it makes sense to talk about the mapping space 
map LcX (x,y) and the homotopy category Ho(L c X). Given these facts, we show 
that there exists a model category structure SeGat c on Segal precategories with the 
following three distinguished classes of morphisms: 

• Weak equivalences are the maps / : X — > Y such that the induced map 
L C X —> L C Y is a DK-equivalence of Segal spaces. (Again, we will call such 
maps DK-equivalences.) 

• Cofibrations are the monomorphisms. (In particular, every Segal precate- 
gory is cofibrant.) 
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• Fibrations are the maps with the right lifting property with respect to the 
maps which are both cofibrations and weak equivalences. 

Theorem 5.1. There is a cofibrantly generated model category structure §eGat c on 
the category of Segal precategories with the above weak equivalences, fibrations, and 
cofibrations. 

We first need to define sets I c and J c as our candidates for generating cofibrations 
and generating acyclic cofibrations, respectively. 
We take as generating cofibrations the set 

I c = {(A[m] x A[n]< U A[m] x A[n]*) r -> (A[m] x A[n]*) r } 

for all to > when n > 1 and for n = m = 0. Notice that since taking a pushout 
along such a map amounts to attaching an m-simplex to the space in degree ti, any 
cofibration can be written as a directed colimit of pushouts along the maps of I c . 

We then define the set J c = {i: A — > B} to be a set of representatives of 
isomorphism classes of maps in SeGat satisfying two conditions: 

(1) For all 77 > 0, the spaces A n and B n have countably many simplices. 

(2) The map i : A — > B is a monomorphism and a weak equivalence. 

Given these proposed generating acyclic cofibrations, we need to show that any 
acyclic cofibration in SeCat c is a directed colimit of pushouts along such maps. To 
prove this result, we require several lemmas. The proofs of the first three we omit 
here; proofs can be found in the author's thesis [6]. 

Lemma 5.2. Let A — > B be a CW-inclusion. The following statements are equiv- 
alent: 

(1) A ^ B is a weak equivalence of topological spaces. 

(2) For all n> 1, any map of pairs (D n , S*™ -1 ) — > (B, A) extends over the map 
of cones (CD n ,CS n - 1 ). 

(3) For all n>l, any map (I?",^" -1 ) — » (B,A) is homotopic to a constant 
map. 

Lemma 5.3. Let f: X — » Y be a an inclusion of simplicial sets which is a weak 
equivalence, and let W and Z be simplicial sets such that we have a diagram of 
inclusions 

W >~ Z 



X ^Y 

Let u: (D n , S" 1-1 ) — > (\Z\, \W\) be a relative map of CW-pairs. Then the inclusion 
i: (\Z\, \ W\) — » (|V|, |-X"|) can be factored as a composite 

(\Z\,\W\)^(\K\,\L\)^(\Y\,\X\) 

where K is a subspace of Y obtained from Z by attaching a finite number of non- 
degenerate simplices, L is a subspace of X , and the composite map of relative CW- 
complexes 

{D^S"- 1 ) ^ (\Z\,\W\) ^ {\K\,\L\) 
is homotopic rel S n ~ l to a map D n — » \L\. 
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Lemma 5.4. Let (Y, X) be a CW-pair such that X and Y have only countably many 
cells. Then for a fixed n > 0, there are only countably many homotopy classes of 
maps (D n ,S n ^ 1 ) — > (Y,X). 

If A — > B is a monomorphism of Segal precategories, then taking the localization 
via the small object argument gives us that L C A — > L C B is a monomorphism of Segal 
categories. In particular, if A C B is an inclusion, then we can regard L C A C L C B 
as an inclusion as well. 

Lemma 5.5. Let A and B be Segal precategories such that A C B. Let a be a 

simplex in L C B which is not in L C A. Then there exists a Segal precategory A' such 
that A' is obtained from A by attaching a finite number of nondegenerate simplices 
and a is in LA' . 

Proof. By our description of our localization functor at the beginning of the section, 
L C B is obtained from B by taking a colimit of pushouts, each of which is along the 
map 

J £ V[m, k] x A[nf U A[m] x G(n)' -> JJ A[ to] x A[n] 

m,fc,n m,k,n 

for n, to > 1 and < fc < to. The Segal category L c £? is the colimit of a filtration 

B C I^B C W 2 B C ••• 

where each $^ is given by a colimit of iterated pushouts along this map. Since a is 
a single simplex, it is small and therefore a is in "$> n B for some n. 

Therefore, a is obtained by attaching A[to] x A[n]* along a finite number of 
nondegenerate simplices of ^ n ~ l B. We can then apply the preceding argument 
to each of these simplices and inductively obtain a finite number of nondegenerate 
simplices of B which form a sub-Segal precategory which we will call C . We then 
define A' = A U C. □ 

We then state one more lemma, which is a generalization of a lemma given by 
Hirschhorn [El 2.3.6]. 

Lemma 5.6. Let the map g: A — * B be an inclusion of Segal precategories, each 
of which has countably many simplices. If X is a Segal precategory with count- 
ably many simplices, then its localization LX with respect to the map g has only 
countably many simplices. 

We are now able to state and prove our result about generating cofibrations. 

Proposition 5.7. Any acyclic cofibration j : C — > D in SeQat c can be written as 
a directed colimit of pushouts along the maps in J c . 

Proof. Note that by definition j : C — » D is a monomorphism of Segal precategories. 
We assume that it is an inclusion. Let U be a subsimplicial space of D such that 
U has countably many simplices in each degree. Apply the localization functor L c 
to obtain a diagram of Segal categories 

L C (U n C) ^ L C U 



L C C ^L C D. 
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Since U has only countably many simplices, this localization process adds at most 
a countable number of simplices to the original simplicial space by Lemma 15.61 

We would like to find a Segal precategory W such that U C W C D and such 
that the map W fl C — > W is in the set J c . 

First consider the map 

Ho(L c (U n C)) -> Ho(L c J7) 

which we want to be an equivalence of categories. If it is not an equivalence, then 
there exists z G (L c U)q which is not equivalent to some z' G (L C (U DC))o- However, 
there is such a z' when we consider z as an element of (L c D)q, since j : C — > D is 
a DK-equivalence. If this z' is not in (Z7nC)o, then we add it. Repeat this process 
for all such z. 

Now for each such z, consider the four mapping spaces in L C U involving the 
objects z and z': map ic(7 (z, z), map ict/ (z, z'), map ict/ (z', z), and ma,p L U 
We want the sets of components of these four spaces to be isomorphic to one another 
in Ho(L c Z7). We can attach a countable number of simplices via an analogous 
argument to the one in the proof of Lemma [5751 such that these sets of components 
are isomorphic. We then repeat the same argument to assure that ^map^ u( x i z ) 
is isomorphic to 7Tomap L y(x, z') for each x G Uq and analogously for the sets of 
components of the mapping spaces out of each such x. 

By repeating this process for each such z, we obtain a Segal precategory Y 
with a countable number of simplices such that Ho(L c (Y D C)) — > Ho(L c Y) is 
an equivalence of categories. However, we do not necessarily have that for each 
x,y G L C {Y nC), 

is a weak equivalence of simplicial sets. Therefore we consider all maps 

(D n , S 1 " -1 ) (\ma,p LcY (x,y)\,\m&p Lc(Ync) (x,y)\) -> (|map LcD (x, y)|, |map icC (a;, y)|) 

for each x,y £ (YD C)q and n > 0. Identify all cc, y, and n such that the map 

(D n ,S n ^ 1 ) -> (|map ic y(x,?/)|, |map Lc(ynC) (a;, y)|) 

is not homotopic to a constant map. 
However each composite map 

(D n ,S n ~ 1 ) -> (|map ic y(a;,y)|, |map ic(rnC?) (a;,y)|) (|map i<j23 (x,y)|, |map icC r(x,j/)|) 

is homotopic to a constant map by Lemma 15.21 since 

|map icC (a;,y)| -> |map icD (a;, y)| 

is a weak equivalence. 

For each such x, y, and n, it follows from Lemma l5.3l that there exists some pair 
of simplicial sets 

(map ic y(x,?/),map ic(ync) (:z;,y)) C (K, L) C (ma,p LcD (x,y),m&p LcC (x,y)) 

such that the composite map 

(jD » ^ (Imap^y^^Umap^^)^^)!) - (|X|, |L|) 

is homotopic to a constant map, and the pair (K, L) is obtained from the pair 
(map Lc y (a;, y), map Lc (y nC -)(x, ?/)) by attaching a finite number of nondegenerate 
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simplices. We apply Lemma [53] to each of these new simplices obtained by consid- 
ering each nontrivial homotopy class to obtain some Segal precategory Y' with a 
countable number of number of simplices such that each composite map 

(D n , S n ~ 1 ) -> (\m&p LoY (x,y)\, |map Lc(rnC) (x,y)|) -» (|map ic y,(x, y)\, \map Lc[Y , nC) (x, y)\) 

is homotopic to a constant map. 

However, the process of adding simplices may have created more maps 

{D n ,S n ~ 1 ) -> (\ma,p LcY ,(x,y)\,\ma,p Lc ( Y , nC) (x,y)\) 

that are not homotopic to a constant map. Therefore we repeat this argument, 
perhaps countably many times, until, taking a colimit over all of them, we obtain 
a Segal precategory W such that each map 

( flB .S n_1 ) -> (\map LcW (x,y)\, \map LAWnC) {x iy )\) 

is homotopic to a constant map. Since each of these steps added only countably 
many simplices to the original Segal precategory U, and since by Lemma f5T2l 

m &PL c (wnc)( x ,y) map icW (a;,y) 

is a weak equivalence for all x, y 6 (L C (W fl C))o, the map n C — > W is in the 
set J c . 

Now, take some U obtained from W by adding a countable number of simplices, 
consider the inclusion map UOC — » J7, and repeat the entire process. To show that 
we can repeat this argument, taking a (possibly transfinite) colimit, and eventually 
obtain the map j : C — ► D, it suffices to show that the localization functor L c 
commutes with arbitrary directed colimits of inclusions. However, this fact follows 
from pi 2.2.18]. □ 

Now, we have two definitions of acyclic fibration that we need to show coincide: 
the fibrations which are weak equivalences, and the maps with the right lifting 
property with respect to the maps in I c . 

Proposition 5.8. The maps with the right lifting property with respect to the maps 
in I c are fibrations and weak equivalences. 

Before giving a proof of this proposition, we begin by looking at the maps in 
I c and determining what an J c -injective looks like. Recall the definition of the 
coskeleton of a simplicial space from the paragraph following Proposition 12.141 If 
/: X — y Y has the right lifting property with respect to the maps in I c , then for 
each n > 1, the map X n — > P n is an acyclic fibration of simplicial sets, where P n is 
the pullback in the diagram 

p s> y 

1 n 1 n 



(cosk„_iX)„ ^ (cosk„_iY")„. 

In the case that n = 0, the restrictions on m and n give us that the map Xq — > Yq 
is a surjection rather than the isomorphism we get in the Reedy case. Notice that 
by the same argument given for the Reedy model category structure (in the section 
following Proposition 12 . 141 above) . the simplicial sets P n can be characterized up to 
weak equivalence as homotopy pullbacks and are therefore homotopy invariant. 



THREE MODELS FOR THE HOMOTOPY THEORY OF HOMOTOPY THEORIES 23 



This characterization of the maps with the right lifting property with respect to 
I c will enable us to prove Proposition l5.8l Before proceeding to the proof, however, 
we state a lemma, whose proof we defer to section 9. 

Lemma 5.9. Suppose that f : X — > Y is a map of Segal precategories which is an 
I c -injective. Then f is a DK-eguivalence. 

Proof of Provosition \5.8[ Suppose that / : X — > Y is an / c -injective, or a map which 
has the right lifting property with respect to the maps in I c . Note that / then has 
the right lifting property with respect to all cofibrations. Since, in particular, it has 
the right lifting property with respect to the acyclic cofibrations, it is a fibration 
by definition. It remains to show that / is a weak equivalence. 

However, this fact follows from Lemma 15.91 proving the proposition. □ 

We now state the converse, which we prove in section 9. 

Proposition 5.10. The maps in §eQat c which are both fibrations and weak equiv- 
alences are I c -injectives. 

Now we prove a lemma which we need to check the last condition for our model 
category structure. 

Lemma 5.11. A pushout along a map of J c is also an acyclic cofibration in §eGat c . 

Proof. Let j : A — > B be a map in J c . Notice that j is an acyclic cofibration in the 
model category CSS. Since CSS is a model category, we know that a pushout along 
an acyclic cofibration is again an acyclic cofibration [10l 3.14(h)]. If all the objects 
involved are Segal precategories, then the pushout will again be a Segal precategory 
and therefore the pushout map will be an acyclic cofibration in SeGat c . □ 

Proposition 5.12. If a map of Segal precategories is a J c - cofibration, then it is 
an 1 c - cofibration and a weak equivalence. 

Proof. By definition and Proposition 15. 7\ a J c -cofibration is a map with the left 
lifting property with respect to the maps with the right lifting property with respect 
to the acyclic cofibrations. However, by the definition of fibration, these maps are 
the ones with the left lifting property with respect to the fibrations. 

Similarly, using Propositions 15.81 and 15.101 an / c -cofibration is a map with the 
left lifting property with respect to the acyclic fibrations. Thus, we need to show 
that a map with the left lifting property with respect to the fibrations has the left 
lifting property with respect to the acyclic fibrations and is a weak equivalence. 
Since the acyclic fibrations are fibrations, it remains to show that the maps with 
the left lifting property with respect to the fibrations are weak equivalences. 

Let / : A — > B be a map with the left lifting property with respect to all fi- 
brations. By Lemma 15.111 above, we know that a pushout along maps of J c is an 
acyclic cofibration. Therefore, we can use the small object argument [12j 10.5.15] 
to factor the map / : A — > B as the composite of an acyclic cofibration A — > A' and 
a fibration A' — > B. Then there exists a dotted arrow lift in the diagram 

A — =->■ A' 

->r 

/ 

/ 
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showing that the map A — > B is a retract of the map A — > A' and therefore a weak 
equivalence. □ 

Proof of Theorem \5.1\ Axiom MCI follows since limits and colimits of Segal pre- 
categories (computed as simplicial spaces) still have discrete zero space and are 
therefore Segal precategories. MC2 and MC3 (for weak equivalences) work as usual, 
for example see [TU1 8.10]. 

It remains to show that the four conditions of Theorem 12.31 arc satisfied. The 
set I c permits the small object argument because the generating cofibrations in the 
Reedy model category structure do. We can show that the objects A which appear 
as the sources of the maps in J c are small using an analogous argument to the one 
for simplicial sets p"2l 10.4.4], so the set J c permits the small object argument. 
Thus, condition 1 is satisfied. 

Condition 2 is precisely the statement of Proposition 15.121 Condition 3 and 
condition 4(h) are precisely the statements of Propositions 15.81 and 15 . 1 01 □ 

Note that the reduced Reedy acyclic cofibrations 

(V[m, k] x A[n]* U A[m] x A[n]*) r -> (A[m] x A[ra]*) r 

are acyclic cofibrations in §eCat c for m > when n > 1 and for n = m = 0. 

Corollary 5.13. The fibrant objects in §eCat c are Reedy fibrant Segal categories. 

Proof. Suppose that X is fibrant in SeQat c . Then, since the reduced Reedy cofi- 
brations are acyclic cofibrations in SeCai c and since X has discrete zero space, it 
follows that X is Reedy fibrant. 
Then, since the maps 

(A[m] x G(n)% -> (A[m] x A[n]*) r 

for all m, n > are acyclic cofibrations in §eCat c , it follows that X is a Segal 
category. □ 

The converse statement, that the Reedy fibrant Segal categories are fibrant in 
SeGat c , also holds [2]. 

6. A Quillen Equivalence Between SeCat c and CSS 

In this section, we will show that there is a Quillen equivalence between the 
model category structure §eCat c on Segal precategories and the complete Segal 
space model category structure CSS on simplicial spaces. We first need to show 
that we have an adjoint pair of maps between the two categories. 

Let I: §eGat c — > CSS be the inclusion functor of Segal precategories into the 
category of all simplicial spaces. We will show that there is a right adjoint functor 
R : CSS — * SeQat c which "discretizes" the degree zero space. 

Let W be a simplicial space. Define simplicial spaces U = cosko(Wo) and V = 
cosko(Wo,o)- There exist maps W — + U <— V. Then we take the pullback RW in 
the diagram 

RW 



w >-u. 
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Note that RW is a Segal precategory. If W is a complete Segal space, then so 
are U and V, and in this case RW is a Segal category, which we can see as follows. 
The pullback at degree 1 gives 



{RW)! 



■ W ,o X Won 



Wi 



W x W 



and at degree 2 we get 

{RW)! x (w)o {RW)! 



{Wo,of 



W 2 ~W!X Wo Wi *- Wo x Wo x Wo. 

Looking at these pullbacks, and the analogous ones for higher n, we notice that 
RW is in fact a Segal category. 

We define the functor R : CSS — > SeCat c which takes a simplicial space W to the 
Segal precategory RW given by the description above. 

Proposition 6.1. The functor R: CSS — ► SeCat c is right adjoint to the inclusion 
map I: SeCai c — ► CSS. 

Proof. We need to show that there is an isomorphism 

Hom Se ea tc (Y, RW) Hom ess (/r, W) 

for any Segal precategory Y and simplicial space W. 

Suppose that we have a map Y = IY — ► W. Since 7 is a Segal precategory, 
Yo is equal to y ,o viewed as a constant simplicial set. Therefore, we can restrict 
this map to a unique map Y — > V, where V is the Segal precategory defined above. 
Then, given the universal property of pullbacks, there is a unique map Y — > i?W. 
Hence, we obtain a map 

ip: Hom eS s(/y W) - Hom Se e atc (F, i?W). 

This map is surjective because given any map 1" — > i?W we can compose it with 
the map i£W — > W to obtain a map Y — > W. 

Now for any Segal precategory Y", consider the diagram 




W 



Because this diagram must commute and the image of the map Yo —> Wo is con- 
tained in Wo,o since Y is a Segal precategory, this map uniquely determines what 
the map Y — > V has to be. Therefore, given a map Y — > RW, it could only have 
come from one map Y W '. Thus, ip is injective. □ 
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Now, we need to show that this adjoint pair respects the model category struc- 
tures that we have. 

Proposition 6.2. The adjoint pair of functors 

I : §eeat c ^ — ± C8§ : R 

is a Quillen pair. 

Proof. It suffices to show that the inclusion map I preserves cofibrations and acyclic 
cofibrations. / preserves cofibrations because they are defined to be monomor- 
phisms in each category. Also in each of the two categories, a map is a weak 
equivalence if it is a DK-equivalence after localizing to obtain a Segal space, as 
given in Theorem 13. 101 In each case an acyclic cofibration is an inclusion satisfying 
this property. Therefore, the map / preserves acyclic cofibrations. □ 

Theorem 6.3. The Quillen pair 

I : Zp.P.nt. c - ± e§S : R 

is a Quillen equivalence. 

Proof. We need to show that I reflects weak equivalences between cofibrant objects 
and that for any fibrant object W (i.e., complete Segal space) in CSS, the map 
I((RW) C ) — IRW — > W is a weak equivalence in Se£at c . 

The fact that / reflects weak equivalences between cofibrant objects follows from 
the same argument as the one in the proof of the Quillen pair. To prove the second 
part, it remains to show that the map j : RW — > W in the pullback diagram 

RW *- V 

3 

w 

is a DK-equivalence. It suffices to show that the map of objects ob(RW) — > ob(W) 
is surjective and that the map map RW (x, y) — > m&p w (jx,jy) is a weak equiva- 
lence, where the object set of a Segal space is defined as in section 13.31 However, 
notice by the definition of RW that ob(RW) — 6b(W). In particular, jx — x and 
jy = y. Then notice, using the pullback that defines (RW)i, that map RW (x, y) ~ 
map w (x,y). Therefore, the map RW — > W is a DK-equivalence. □ 

7. Another Segal Category Model Category Structure on Segal 

Precategories 

The model category structure §eCat c that we defined above is helpful for the 
Quillen equivalence with the complete Segal space model category structure, but 
there does not appear to be a Quillen equivalence between it and the model category 
structure SC on simplicial categories. Therefore, we need another model category 
structure SeCat/ to obtain such a Quillen equivalence. 

In the model category structure SeGat c , we started with the generating cofibra- 
tions in the Reedy model category structure and adapted them to be generating 
cofibrations of Segal precategories. In this second model category structure, we use 
modified generating cofibrations from the projective model category structure on 
simplicial spaces so that the objects involved are Segal precategories. 
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We make the following definitions for a model category structure Se&at / on the 
category of Segal precategories. 

• The weak equivalences are the same as those of SeCerf c . 

• The cofibrations are the maps which can be formed by taking iterated 
pushouts along the maps of the set 7/ defined in section 4. 

• The fibrations are the maps with the right lifting property with respect to 
the maps which are cofibrations and weak equivalences. 

Notice that to define the weak equivalences in this case we want to use a functorial 
localization in SeSpf rather than SeSp c . We define a localization functor Lf in the 
same way that we defined L c at the beginning of section 5 but making necessary 
changes in light of the fact that we are starting from the model structure SeSpf. So, 
in a sense, the weak equivalences are not defined identically in the two categories, 
since they make use of the same localization of different model category structures 
on the category of simplicial spaces. However, in each case the weak equivalences 
are the same in the unlocalized model category, so we can define homotopy function 
complexes using only the underlying category and the weak equivalences. Recall 
by the definition of local objects that a map X — > Y is a local equivalence if and 
only if the induced map of homotopy function complexes 

Map h (F, Z) -> Map h (X, Z) 

is a weak equivalence of simplicial sets for any local Z . In particular, the weak 
equivalences of the localized category depend only on the weak equivalences of the 
unlocalized category. Therefore the weak equivalences in SeGat c and SeGatf are 
actually the same. 

Theorem 7.1. There is a cofibrantly generated model category structure SeGatf on 
the category of Segal precategories in which the weak equivalences, fibrations, and 
cofibrations are defined as above. 

We define the set Jf to be a set of isomorphism classes of maps {i : A — > B} 
such that 

(1) for all n > 0, the spaces A n and B n have countably many simplices, and 

(2) i : A — ► B is an acyclic cofibration. 

We would like to show that If (defined in section 4) is a set of generating cofi- 
brations and that Jf is a set of generating acyclic cofibrations for SeCai/. 
We begin with the following lemma. 

Lemma 7.2. Any acyclic cofibration j : C — > D in SeQatf can be written as a 
directed colimit of pushouts along the maps in Jf. 

Proof. The argument that we used to prove Proposition 15.71 still holds, applying 
the functor Lf rather than L c . □ 

Proposition 7.3. A map f: X — > Y is an acyclic fibration in SeGatf if and only 
if it is an I f -infective. 

Proof. First suppose that / has the right lifting property with respect to the maps 
in If. Then we claim that for each n > and (vo,... 7 v n ) £ Xq +1 , the map 
X n (vo, ■ • ■ , v n ) — > Y n (fva, . . . , fv n ) is an acyclic fibration of simplicial sets. This 
fact, however, follows from Lemma l4.ll In particular, it is a weak equivalence, and 
therefore we can apply the proof of Lemma 15.91 to show that the map X — > Y 
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is a DK-equivalence, completing the proof of the first direction. (The proof does 
not follow precisely in this case, in particular because not all monomorphisms are 
cofibrations. However, we can use the fact that weak equivalences are the same in 
§eGat c and SeCatf/ to see that the argument still holds.) 

Then, to prove the converse, assume that / is a fibration and a weak equivalence. 
Then we can apply the proof of Proposition 15.101 making the factorizations in 
the projective model category structure rather than in the Reedy model category 
structure. The argument follows analogously. □ 

Proposition 7.4. A map in SeGatf is a J f -cc fibration if and only if it is an If- 

cofibration and a weak equivalence. 

Proof. This proof follows just as the proof of Proposition 15.121 again using the 
projective structure rather than the Reedy structure. □ 

Proof of Theorem \7.1\ As before, we must check the conditions of Theorem 12.31 
Condition 1 follows just as in the proof of Theorem 15.11 Condition 2 is precisely 
the statement of Proposition l7.4l Condition 3 and condition 4(ii) follow from Propo- 
sition [Jj3] after applying Lemma [721 D 

We now prove that both our model category structures on the category of Segal 
precategories are Quillen equivalent. 

Theorem 7.5. The identity functor induces a Quillen equivalence 

I : &p.P.n.t f - *- Rp.P.at : : J. 

Proof. Since both maps are the identity functor, they form an adjoint pair. We 
then show that this adjoint pair is a Quillen pair. 

We first make some observations between the two categories. Notice that the 
cofibrations of SeCai/ form a subclass of the cofibrations of §eCat c since they are 
monomorphisms. Similarly, the acyclic cofibrations of SeCatf form a subclass of 
the acyclic cofibrations of §eCat c . 

In particular, these observations imply that the left adjoint /: SeCatf — > §eGat c 
preserves cofibrations and acyclic cofibrations. Hence, we have a Quillen pair. 

It remains to show that this Quillen pair is a Quillen equivalence. To do so, 
we must show that given any cofibrant X in SeCcrf/ and fibrant Y in SeCai c , a 
map /: IX — > Y is a weak equivalence in SeCai/ if and only if ipf: X — > JY is 
a weak equivalence in §eGat c . However, this follows from the fact that the weak 
equivalences are the same in each category. □ 

Note. One might ask at this point why we could not just use the SeCatf model cat- 
egory structure and show a Quillen equivalence between it and the model category 
structure CSS/ where we localize the projective model category structure (rather 
than the Reedy) with respect to the maps ip and ip. The existence of such a Quillen 
equivalence would certainly simplify this paper! 

However, if we work with "complete Segal spaces" which are fibrant in the pro- 
jective model structure rather than in the Reedy structure, then for a fibrant object 
W the map W — > U used in defining the right adjoint CSS — > SeCai c is no longer 
necessarily a fibration. Therefore, the pullback RW is no longer a homotopy pull- 
back and in particular not homotopy invariant. If RW is not homotopy invariant, 
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then there is no guarantee that the map RW — > W is a DK-equivalence, and the ar- 
gument for a Quillen equivalence fails. Thus, the §eCat c and CSS model structures 
are necessary. 

8. A Quillen Equivalence Between SC and SeCai/ 

We begin, as above, by defining an adjoint pair of functors between the two 
categories SC and SeCatf. We have the nerve functor R: SC — > SeCatf. In order 
to define a left adjoint to this map, we need some terminology. 

Definition 8.1. Let D be a small category and SSeis 13 the category of functors 
D — > SSeis. Let 5 be a set of morphisms in SSeis 23 . An object F of SSefs 15 is 
strictly S-local if for every morphism /: A — > _B in S", the induced map on function 
complexes 

/* : Map(5, F) -> Map(A, F) 
is an isomorphism of simplicial sets. A map g: C — * D in SSeis 11 is a strict S-local 
equivalence if for every strictly S-local object Y in SSets 13 , the induced map 

g* : Map(£>, F) -> Map(C, F) 
is an isomorphism of simplicial sets. 

Now, we can view Segal precategories as functors A op — > SSeis. Because we 
require the image of [0] to be a discrete simplicial set, the category of Segal pre- 
categories is a subcategory of the category of all such functors. In this section, we 
are going to regard simplicial categories as the strictly local objects in SeCatf with 
respect to the map tp described in section f3. 31 

Although we are actually working in a subcategory, we can still use the following 
lemma to obtain a left adjoint functor F to our inclusion map R, since the con- 
struction will always produce a simplicial space with discrete 0-space when applied 
to such a simplicial space. 

Lemma 8.2. [4j 5.6] Consider two categories, the category of all diagrams X: D — > 
SSeis and the category of strictly local diagrams with respect to the set of maps 
S = {/: A — * B}. The forgetful functor from the category of strictly local diagrams 
to the category of all diagrams has a left adjoint. 

We define the functor F: SeCatf — ► SC to be this left adjoint to the inclusion 
functor of strictly local diagrams into all diagrams R: SC — > SeQatf. 

Proposition 8.3. The adjoint pair 

F : &f>P.at f - » SP : R 

is a Quillen pair. 

Proof. We prove that this adjoint pair is a Quillen pair by showing that the left 
adjoint F preserves cofibrations and acyclic cofibrations. We begin by considering 
cofibrations. 

Since F is a left adjoint functor, it preserves colimits. Therefore, it suffices to 
show that F preserves the set If of generating cofibrations in SeQatf. Recall that 
the elements of this set are the maps P m . n — > Q m ,n as defined in section 4. We begin 
by considering the maps P n ,i —> Qn,i for any n > 0. The strict localization of such 
a map is precisely the map of simplicial categories UA[n] — > UA[n] (section 3.1) 
which is a generating cofibration in SC. We can also see that the strict localization 



30 



.I.E. BERGNER 



Of any Pm,n —> Q m ,n can be obtained as the colimit of iterated pushouts along the 
generating cofibrations of SC. Therefore, F preserves cofibrations. 

We now need to show that F preserves acyclic cofibrations. To do so, first 
consider the model category structure £SSeiSg f (defined in section [3. 15[) on Segal 
precategories with a fixed set in degree zero and the model category structure 
SCq of simplicial categories with a fixed object set 0. Recall from section [3T5] that 
there is a Quillcn equivalence 

F : £SSets£J^=^Se : R . 

In particular, if X is a cofibrant object of USSets^ J , then there is a weak equiv- 
alence X — > Ro((FoX)f). Notice that Fq agrees with F on Segal precategories 
with the set in degree zero, and similarly for Rq and R. 

Suppose, then, that X is an object of LSSets^ * , Y is an object of L§§ets^° P j, 
and X —> Y is an acyclic cofibration in SeCai/. We have a commutative diagram 

x ^L+L f X 



Y — LfY 

where the upper and lower horizontal maps are weak equivalences not only in 
SeSatf, but in ZSSets^ J and USSetsfy *, respectively. However, using the fixed- 
object case Quillen equivalence, the functors Fq and Fqi (and hence F) will preserve 
these weak equivalences, giving us a diagram 

FX^+FLjX 



FY — =->- FL f X. 

Using these weak equivalences and our assumption that LfX — ► LfY is a DK- 
equivalence, we obtain a diagram 

L f X -^.RFL f X 



L f Y RFLfY 

in which the upper horizontal arrow is a weak equivalence in USSets^ J and the 
lower horizontal arrow is a weak equivalence in iLSSets^, The commutativity 
of this diagram implies that the map RFLfX — > RFLfY is a DK-equivalence 
also. Thus, we have shown that F preserves acyclic cofibrations between cofibrant 
objects. 

It remains to show that F preserves all acyclic cofibrations. Suppose that 
/: X — * Y is an acyclic cofibration in SeGatf. Apply the cofibrant replacement 
functor to the map X — > Y to obtain an acyclic cofibration X' — * Y' , and notice 
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that in the resulting commutative diagram 

X' >■ Y' 

X Y 

the vertical arrows are levelwise weak equivalences. 

Now consider the following diagram, where the top square is a pushout diagram: 

X^^Y" 
X - > Y. 

Notice that all three of the horizontal arrows are acyclic cofibrations in SeCatf, 
the upper and lower by assumption and the middle one because pushouts preserve 
acyclic cofibrations 10, 3.14]. Now we apply the functor F to this diagram to 
obtain a diagram 

(8.4) FX' — =-»- FY' 

FX FY" 



FX >■ FY. 

The top horizontal arrow is an acyclic cofibration since F preserves acyclic cofibra- 
tions between cofibrant objects. Furthermore, since F is a left adjoint and hence 
preserves colimits, the middle horizontal arrow is also an acyclic cofibration because 
the top square is a pushout square. 

Now, recall that, given an object X in a model category C, the category of 
objects under X has as objects the morphisms X — > Y in C for any object Y, and 
as morphisms the maps Y — ► Y' in C making the appropriate triangular diagram 
commute [HJ 7.6.1]. There is a model category structure on this under category in 
which a morphism is a weak equivalence, fibration, or cofibration if it is in C |12l 
7.6.5]. In particular, a object X — + Y is cofibrant in the under category if it is a 
cofibration in 6. 

With this definition in mind, to show that the bottom horizontal arrow of dia- 
gram 18.41 is an acyclic cofibration, consider the following diagram in the category 
of cofibrant objects under X: 

X ^Y" 




Y. 

Now, let 0" denote the set in degree zero of Y" (and also of Y) which is not in the 
image of the map from X. Now we have the diagram in the category of cofibrant 
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objects under X II 0" with the same set in degree zero 

X II 0" *- Y" 




Y. 

However, since we are now working in a fixed object set situation, we know by 
Theorem 13. 161 that Fq" is the left adjoint of a Quillen pair, and therefore the map 
FquY" — > Fq»Y is a weak equivalence in 8Co», and in particular a DK-equivalence 
when regarded as a map in SC. It follows that the map FX — > FY is a weak 
equivalence, and F preserves acyclic cofibrations. □ 

Recall that we are regarding a Segal category as a local diagram and a simplicial 
category as a strictly local diagram in SeCatf. 

Lemma 8.5. The map X — » fX is a DK-equivalence for every cofibrant object X 
in $eCatf. 

Proof. First consider a free diagram in SeCaiy, namely some UiQ mi ,ni, where each 
Qmi,n; is defined as in section 4. If Y is a fibrant object in SeCai/, then we have 

M ap Se ea t/ (II Qm t , n t ,Y) ~ JJ Map Se e at/ (Qmj.TH , Y) 

-II II Mapsset^AEm^y^K,--.,^)) 
-II' II Ma P 

(A[0},Yjv ,...,v n )) 

- Map 8eeat/ (UQ 0) 7ii,y) 

~Map geeat/ (IjA[n i ]*,y) 

Therefore, it suffices to consider free diagrams II j A [n^]*. Such a diagram is a Segal 
category. It is also the nerve of a category and thus a strictly local diagram. It 
follows that the map 

Hah^fcua^h 

i i 

is a DK-equivalence. 

Now suppose that X is any cofibrant object in SeCai/. Then X can be written 
as a directed colimit X ~ co\iva&.opXj, where each Xj can be written as ILAfnj]*. 
As before we regard FX as a strictly local object in SeCai/. If Y is a fibrant object 
in SeGatf which is strictly local, we have 

Map Seeat/ (colim A »pX i ,y) ~ lim Map Seeat/ (Xj , Y) 

~limMap Seeat (FX^F) 
- Map Seeat/ (colim A o P FA^,y) 
~ Map Seeot/ (F(colim A .p(FX,-)),K) 

We can now apply the result that 

F(co\im(FXj)) ~ F(colimX,). 
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(This fact is proved in [3 4.1] for ordinary localization, but it holds for strict 
localization in this case since each Xj is cofibrant and F preserves cofibrant objects.) 
Therefore we have 

Map Seeat/ (F(colim A o P (FX,-))>50 ~ Map Seeat/ (F X, Y) . 
It follows that the map X — » FX is a DK-equivalence. □ 

We are now able to prove the main result of this section. 
Theorem 8.6. The Quillen pair 

F : H, <■'„/ ,- — ^ 8e : R 

is a Quillen equivalence. 

Proof. We first show that F reflects weak equivalences between cofibrant objects. 
Let / : X — + Y be a map of cofibrant Segal precategories such that Ff : FX — > FY 
is a weak equivalence of simplicial categories. (Since F preserves cofibrations, both 
FX and FY are again cofibrant.) Then consider the following diagram: 

FX >■ L f FX L f X 



FY >■ L f FY L f Y. 

By assumption, the leftmost vertical arrow is a DK-equivalence. The horizontal 
arrows of the left-hand square arc also DK-equivalences by definition. Since X and 
Y are cofibrant, Lemma 18.51 shows that the horizontal arrows of the right-hand 
square are DK-equivalences. The commutativity of the whole diagram shows that 
the map LfFX — > LfFY is a DK-equivalence and then that the map LfX — > LfY 
is also. Therefore, F reflects weak equivalences between cofibrant objects. 
Now, we will show that given any fibrant simplicial category Y, the map 

F((RY) C ) -> Y 

is a DK-equivalence. Consider a fibrant simplicial category Y and apply the functor 
R to obtain a Segal category which is levelwise fibrant and therefore fibrant in 
SeQatf. Its cofibrant replacement will be DK-equivalent to it in SeCat/. Then, by 
the above argument, strictly localizing this object will again yield a DK-equivalent 
simplicial category. □ 

9. Proofs of Lemma I5T91 and Proposition 15.101 

In this section, we give a proof of two results stated in section 5. We begin with 
a lemma which we will use in the proof of Lemma 15.91 

Lemma 9.1. Suppose that f:X—*Yis<l map of Segal precategories with the right 
lifting property with respect to the maps in I c . Then 

(1) The map fa : Xq — > Yq is surjective, and 

(2) The map X n (vo, . . . , v n ) — > Y n (fvo, • ■ • , fv n ) is a weak equivalence of sim- 
plicial sets for all n > 1 and (vo, ■ ■ ■ , v n ) G Xq^~ . 

Proof. Since / : X — > Y has the right lifting property with respect to the maps in 
7 C , it has the right lifting property with respect to all cofibrations. In particular, it 
has the right lifting property with respect to the maps in the set //. Therefore we 
can apply Lemma T4. II and the result follows. □ 
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Proof of Lemma 15.91 To prove Lemma 15. 9[ we consider a given map / ' : X — » Y 
with the right lifting property with respect to the maps in I c . It follows from 
Lemma 19.11 that the map Xq — > Y$ is surjective and such that for all n > 1 and 
(vq, ■ ■ ■ v n ) £ X^ +1 the map 

X n (v , ...,«„)-» Y n (fv , fv n ) 

is a weak equivalence of simplicial sets. 

We must prove that map L x (x,y) — > map £ Y(f x ifv) i s a weak equivalence 
of simplicial sets. Given that fact, combining it with the surjectivity of the map 
X — > Y" implies that Ho(L c X) — » Ho(L c y) is an equivalence of categories. 

We construct a factorization X — » $y — > Y such that ($y)o = Xq and the map 

($y)n(«0, ■ ■ -,V n ) -> Y n (fv , ■ ■ ■ , fv n ) 

is an isomorphism of simplicial sets for all (vo, ■ ■ ■ ,v n ) £ • We begin by 

defining the object QY as the pullback of the diagram 

$y ^Y 



cosk (X ) cosk (F )- 

Note in particular that (QY)o = Xq. 

Now, notice that for each n > 1 and (vq, . . . , v n ) £ (<i>y)Q +1 the map 

($Y) n (v , ■ ■ ■ ,V n ) -> Y n (fv Q , . . .,fv n ) 

is an isomorphism of simplicial sets. Since each 

X n (v , ...,v n )-> Y n (fv , fv n ) 

is a weak equivalence, we can apply model category axiom MC2 to simplicial sets 
to see that the map 

X n (v , . ..,v n ) — > ($Y) n (vo, ...,Un) 

is a weak equivalence for each n > 1 and (vq, . . . v n ) also. 

Thus we have shown that if X — > Y has the right lifting property with respect 
to the maps in I c , then each map X n (vo, . . . , v n ) — * (<&Y) n (i)o, ■ ■ ■ , v n ) is a weak 
equivalence of simplicial sets for n > 1 and («o, • • ■ ,v n ) € +1 . Since Xq — ($y)o, 
the map X — > $F is actually a Reedy weak equivalence and therefore also a DK- 
equivalence. To prove Lemma T5.91 it remains to show that the map $F — > Y" is a 
DK-equivalence, implying that the map X — > y is also. We will prove this fact by 
induction on the skeleta of Y. 

We will denote by sk„Y" the rt-skclcton of Y, as defined above in the paragraph 
below Proposition ^. 141 We seek to prove that the map 

$(sk„y) -» sk„y 

is a DK-equivalence for all n > 0. 

We first consider the case where n = 0. In this case, skol^Y) and skoY are 
already Segal categories. They can be observed to be DK-equivalent as follows. 
In the case of sk y, given any pair of elements (x,y) £ (sk y)o x (sk y)o, the 
mapping space map sko y (x, y) is the homotopy fiber of the map 

(sk y)! = (sk y) x (sk y) -» (sk y) x (sk y) 
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over (x, y). If x — y, this fiber is just the point (x, y), since in this case this map is 
the identity. If x ^ y, then the fiber is empty. For (a, b) £ (sko<I>Y)o x (sko$Y)o, 
the fiber of the analogous map over (a, b) is equivalent to (a, b) if a and b map to 
the same point x in Yq. Otherwise the fiber is empty. The definition of $Y and 
the map $Y — » Y then show that the two are DK-equivalent. 

We now assume that the map $(skn-iY) — > sk„_iY is a DK-equivalence and 
seek to show that the map 

$(sk„r) -> sk„r 

is also for n > 2. Notice that sk„Y is obtained from sk„_iY via iterations of 
pushouts of diagrams of the form 

(9.2) Qm.n~^ Pm.n ^"Sk^—lY 

For simplicity, we will assume that m = and we require only one such pushout to 
obtain sk„Y. Notice that (sk n _iY)o = (sk„Y)o = Yq and that the map 

sk„_iY~ -> sk„Y 

is the identity on the discrete space in degree zero. Therefore we use the distinct 
n-simplex A[n]^ o Vn for each (y , ■ ■ ■ , Vn) S Y^ +1 as defined above in section 
Setting y = (j/q, ■ ■ ■ y-n), we write this n-simplex as A[n]* . 

We can then apply the map $ to diagram 19.21 (and its pushout) to obtain the 
diagram 

(9.3) $A[n]^ ^$sk„_!r 

We would like to know that we still have a pushout diagram. In other words, we 
want to know that the functor $ preserves pushouts. To see that it does, consider 
the levelwise pullback diagram defining (<&Y) n : 

($Y)„ Y„ 



We can regard the map /: X — > Y as inducing a pullback functor /* from the 
category of simplicial sets over Y^ +l to the category of simplicial sets over . 
(Recall that the category of objects over a simplicial set Z has as objects maps of 
simplicial sets W — > Z and as morphisms the maps of simplicial sets making the 
appropriate triangle commute.) However, this functor between over categories can 
be shown to have a right adjoint. Therefore it is a left adjoint and hence preserves 
pushouts. 

We know that the maps 

3A[n]£-A[n]£ 

and 

$(sK-iY) -» sk^iY 
are DK-equivalences by our inductive hypothesis, since the nondegenerate simplices 
in each case are concentrated in degrees less than n. Since the left-hand vertical 
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maps of diagrams 19.21 and 19.31 above are cofibrations, the right-hand vertical map 
in diagram [93] is also a cofibration, and therefore it remains only to show that the 
map $A[n]y — > A[n]* is a DK-equivalence in order to show that the pushouts of 
the two diagrams are weakly equivalent. 

If n — 0, then $A[0]y — > A[0]^ is a DK-equivalence since everything is already 
local and <&A[0]* is just the nerve of some contractible category. In fact, given any 
n > and y — (yo, ■ ■ ■ , Un), if Vi ^ Uj for each < i, j < n, the map $A[n]^ — * A[n]* 
is a DK-equivalence, since A[n]* is already local. 

Now suppose that n — 1 and y = (y ,y ). Consider g : <f>A[l]* — > A[l]* and 

let k be the number of 0-simplices of g~ 1 (yo)- If C k denotes the category with k 
objects and a single isomorphism between any two objects, then we have that 

$A[1]* ~ A[l]| x nerve(C fc ). 

Thus, it suffices to show that 

L C $A[1]| ~ L C A[1]| x L c nevve{C k ). 

To prove this fact, first note that the fibrant objects in SeSp c are closed under 
internal horn, namely that given a Segal space W and any simplicial space Y , there 
is a Segal space W Y given by (W Y ) k = Map h (Y x A[fc]*, W) pi] 7.1]. Therefore, 
given any Segal precategories X and Y and any Segal space W, we can work in the 
category §>e§>p c and make the following calculation. 

Map h (L c X x L C Y,W) ~ M&p h (L c X, W L " Y ) 
~ Map fe (X, W Y ) 
~ M&p h {X x Y,W) 
~ Map fe (Z c (JT X Y),W) 

In other words, the map 

l c (x x y) -> l c x x L c y 

is a DK-equivalence, and in particular the statement above for L c $A[n]* holds. 

Now consider the case where n = 2. Then if y = (yo, y\, y%), we have that G(2)y 
can be written as a pushout 



(9.4) G(0)l *G(l% Qiyi 

G(l)*^ 2 -G(2)|. 

Now consider the map g : $G(2)^ -> G(2)*. We have that ^(^(O)^) is the 
nerve of some contractible category. Similarly, the map 9~ 1 (G(l)y Vl ) — > G(l) yo 
is a DK-equivalence, as is the map 3 _1 (G'(l)y li j /2 ) — ► (3(1)^ . Since we have a 
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pushout diagram 



and the left-hand vertical maps of this diagram and of diagram l9.4l are cofibrations, 
it follows that the map <I>G(2)* — > G(2)* is a DK-equivalence. In fact, for any 
n > 2, G(n)y can be obtained by iterating such pushouts. Therefore, we have 
shown that the map &G(n)y — > G{n) y is a DK-equivalence. 

To see that ^Afn]^ — > A[n]* is a DK-equivalence for any choice of y, we need 
a variation on this argument. Again using a pushout construction, we will use the 
fact that this map is a DK-equivalence when each yi is distinct to show that it 
is also a DK-equivalence even if yi = yj for some i ^= j. We will describe this 
construction for a specific example, but it works in general. Specifically, we show 
that $m\ 0>vim - mi 0>vim if a DK-equivalence. 

Define the Segal precategory Y = Y II {y}, where y is a 0-simplex not in Yq, 
and we regard {y} as a doubly constant simplicial space. Then, using the map 
g: $Y — > Y and some vertex j/o of Y, we let Z be a Segal precategory isomorphic 
to (g -1 yo) an d define X = X II Z. There is a map X — » Y such that Z maps to y. 
We define a functor $ and factorization 

X ^$Y— ^-Y 

just as we defined $Y above. More generally, we apply $ to any Segal precategory 
with O-simplices those of Y to obtain a Segal precategory with O-simplices those of 
X, just as we have been doing with <E>. 

Now consider the objects G(2)* o ~ and A[2]* q ~, each with O-simplices those 

of Y. There is a natural map 

,I/i,2/o 

where y V- > y$, and an analogous map 

2/0 ,2/1,2/ ~ * A j/o ,2/1 ,2/o' 

We have a pushout diagram 

,2/1,2/0 



AT21* ^Af2l* 

L J 2/o, 2/1,2/ L J 2/0,2/1,2/0 ' 

Since the left-hand vertical map is a cofibration, this map is actually a homotopy 
pushout diagram. 

Now, from above we know that the maps 

* G ( 2 )yo,2/i,27 ~* G ( 2 )yo,yi,y 

and 

,2/1,2/0 ,2/1,2/0 
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are DK-equivalences. We also know that the map 

is a DK-equivalence since the O-simplices yo,yi,y are distinct. We can consider the 
pushout diagram 



which is again a homotopy pushout diagram. It follows that the map 

$Af2l* -» A [21* 

L ho,yi,yo t >yo,yi,yo 

is a DK-equivalence, completing the proof. □ 

We now proceed with the other remaining proof from section 5. 

Proof of Proposition \5.1(A Suppose that / : X — > Y is a fibration and a weak equiv- 
alence. First, consider the case where fa: Xq — > Yq is an isomorphism. Without 
loss of generality, assume that Xq = Yq and factor the map / : X — > Y functorially 
in SSets^ as the composite of a cofibration and an acyclic fibration in such a way 
that the Y ' remains a discrete space: 

^Y'^^Y. 

(We can obtain a V with discrete zero space by taking a factorization in SSets^ P 
analogous to the one we defined for SeSp c at the beginning of section 5.) Since 
the map X — > Y is a DK-equivalence and the map Y' — > V is a Reedy weak 
equivalence and therefore a DK-equivalence, it follows that the map X — > F' is a 
DK-equivalence. In particular, X — > y' is an acyclic cofibration and therefore by 
the definition of fibration in SeGatf the dotted arrow lift exists in the following 
solid-arrow diagram: 

/ 

/ 

" / 

Y 1 ^Y. 

Thus, / : X — > Y is a retract of Y' — > Y and therefore a Reedy acyclic fibration. 
In particular, / has the right lifting property with respect to the maps in I c , since 
they are monomorphisms and therefore Reedy cofibrations. 

Now consider the general case, where Xq — ► Yq is surjective but not necessarily 
an isomorphism. Then, as in the proof of Lemma 15. 9i define the object &Y and 
consider the composite map X — » $Y — » Y\ since by the first case X — » $F has 
the right lifting property with respect to the maps in I c , it remains to show that 
$ Y — » Y has the right lifting property with respect to the maps in I c . 
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Let A — » B be an acyclic cofibration. Then there is a dotted arrow lift in any 
solid-arrow diagram of the form 

(9.5) A pX 



b - *- $r >• y 



cosk X coskolo 

We would like to know that this lift B — > X also makes the upper left-hand square 
commute. 

Suppose that Aq = Bq — Xq. In this case, a map B — > Y together with a lifting 

X 

■4 

/ 

/ 

Bq *Y 

completely determines a map B — + $F. Therefore, in this fixed object set case, 
there is only one possible lifting B — ► X in diagram 19.51 and one which makes the 
upper left-hand square commute. 

The map X — ► QY is a fibration in the fixed object model category struc- 
ture LSSetSQ f where = Xq. However, since the cofibrations in LSSets£"J are 
precisely the monomorphisms, the acyclic fibrations are Reedy acyclic fibrations. 
Therefore, the map X — * &Y is a Reedy acyclic fibration and thus has the right lift- 
ing property with respect to all monomorphisms of simplicial spaces. In particular, 
it has the right lifting property with respect to the maps in I c . 

Using the construction of QY and the fact that X — > Y is a fibration and a 
weak equivalence, we can see that Xq — > Yq is surjective. In particular, the map 
coskoXo — > coskolo has the right lifting property with respect to the maps in I c . 
Using the universal property of pullbacks, we can see that the map $Y — > Y also 
has the right lifting property with respect to the maps in I c . □ 
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